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We study the dynamics of a system comprised of a single qubit interacting equally with N qubits
(a “spin star” system). Although this model can be solved exactly, the exact solution does not give
much intuition for the dynamics of the model. Here, we find an approximation that gives some
insight into the dynamics for a particular class of initial spin-coherent states of the N qubits. We
find an effective Hamiltonian for the system that is a finite Kerr (one-axis twisting) Hamiltonian
for the N + 1 qubits. The initial spin coherent state evolves to spin-squeezed states on short time
scales, and to “multiple-Schro¨dinger-cat” states (superpositions of many spin-coherent states) on
longer time scales, a manifestation of the phenomenon of fractional revivals of the initial state. The
evolution of the system is visualized with phase-space plots (Q functions) that, when plotted against
time, reveal a “quantum carpet” pattern. Of particular interest is the fact that our approximation
captures the qualitative features of the model even for small values ofN . This suggests the possibility
of observing the phenomenon of fractional revival in this model for systems of few qubits.
PACS numbers: 03.67.-a, 05.50.+q, 42.50.Dv, 42.50.Md
I. INTRODUCTION
Collapse and revival is a well known feature of quan-
tum systems whereby the initial wave packet of the sys-
tem collapses as it evolves, but at a later time returns
(either exactly or approximately) to the initial state: the
revival. An example is the evolution of a field mode
in a Kerr medium with Hamiltonian Hˆk = χk(aˆ
†aˆ)2
and initially in a coherent state. After the revival time
Tk = 2pi/χk, the field mode is again in the initial state
[1]. Fractional revival is an additional effect where at
a rational fraction of the revival time the state of the
system is made up of a number of superposed, displaced
copies of the initial coherent state. For an initial coher-
ent state evolving in a Kerr medium, for example, the
field mode will be in a superposition of q coherent states
(a “multiple-Schro¨dinger-cat state”) at a time Tk/(2q)
where q is an even number [2, 3].
Another example of collapse and revival is in the
Jaynes-Cummings model for the resonant interaction of
a field mode and a two-level atom [4]. The phrase “col-
lapse and revival” in this context refers to the collapse
and revival of the atomic inversion, but for any initial
atom state, the field (initially in a coherent state) re-
turns (approximately) to that coherent state after the
revival time. This model also seems to have a limited
form of fractional revival: For a judiciously chosen ini-
tial atom state, at a quarter of the revival time the field
mode is (approximately) in a superposition of two co-
herent states [5, 6]. However, this Schro¨dinger-cat state
generation is really due to the conditional evolution of
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the field rather than fractional revival. This is because
there are two orthogonal initial atom states that result
in two different effective Hamiltonians, Hˆ±JC = ±λ
√
aˆaˆ†,
for the field evolution [5]. Starting in a superposition of
these two atom states leads to Schro¨dinger-cat states of
the field. At no time is the field composed of more than
two distinct macroscopic states.
To see fractional revival and multiple-Schro¨dinger-cat
states (with more than two components) in the Jaynes-
Cummings model requires sub-Poissonian number statis-
tics for the initial state [7, 8] (i.e., a non-classical,
number-squeezed initial state). In this case one finds
the usual collapse and revival, but also “super-revivals”
at longer times, and multiple Schro¨dinger-cat states at
rational fractions of the “super-revival” time [8]. These
kinds of fractional revival are again different to the Kerr-
type fractional revivals since they come after the first
revival. Kerr-type fractional revivals, on the other hand,
appear before the first revival.
The phenomenon of fractional revival is well known
and well investigated, both theoretically [9, 10] and ex-
perimentally [11], for systems with infinite-dimensional
Hilbert space, including a recent experimental demon-
stration with a Kerr non-linearity [12]. There has, how-
ever, been less discussion of fractional revival in finite
dimensional systems (e.g., a system of N qubits), al-
though Agarwal and co-workers [13] and Chumakov and
co-workers [14] have studied the evolution of an N qubit
system in a “finite Kerr medium” analogous to the Kerr
Hamiltonian above for the field mode. This type of evo-
lution is also the basis of several proposals to generate
Schro¨dinger-cat states of various finite-dimensional sys-
tems [15, 16].
In this paper we study the interaction of N  1
qubits with a single qubit by an analogue of the Jaynes-
Cummings Hamiltonian, assuming throughout an initial
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2spin-coherent state (a “classical” state) of the N qubits.
In [17] it was shown that this system exhibits Jaynes-
Cummings-like collapse and revival for a particular class
of initial spin coherent states of the N qubits (even for
moderate values of N). Here we show that the same sys-
tem with a different class of initial spin coherent states
also exhibits fractional revivals. These fractional revivals
are of the Kerr-type, and are comparable to these found
by Agarwal and coworkers and Chumakov and cowork-
ers rather than the Jaynes-Cummings type that requires
a sub-Poissonian initial state. The transition from one
regime of collapse and revival (Jaynes-Cummings like) to
the other (with Kerr-like fractional revival) is made by
changing the initial spin-coherent state parameter, some-
thing that is in principle very straightforward in the state
preparation. We suggest that fractional revivals and the
associated multiple-Schro¨dinger-cat states could be ob-
served in this model even for few-qubit systems.
Although we discuss the system of qubits without ref-
erence to a particular physical system, there are various
candidates for the implementation of the model. For ex-
ample, as we discuss in the conclusion, the qubits may
be superconducting qubits, nuclear spins in symmetric
molecules, or spins associated with Nitrogen vacancy
(NV) centers in diamond.
II. FRACTIONAL REVIVALS IN SYSTEMS OF
QUBITS
We begin by defining the J operators for an N qubit
system as Jˆµ =
1
2
∑N
i=1 σˆ
(i)
µ where σˆ
(i)
µ is a Pauli σ-
operator for the i’th qubit and µ ∈ {x, y, z}. We also
define Jˆ± = Jˆx ± iJˆy and Jˆ2 = Jˆ2x + Jˆ2y + Jˆ2z . Dicke
states |j,m〉N are simultaneous eigenstates of Jˆz and Jˆ2
with eigenvalues m and j(j+1), respectively. In what fol-
lows we restrict to the j = N2 eigenspace of the N -qubit
system. This is the symmetric subspace of the N -qubit
system: states in this subspace are invariant under per-
mutation of qubits. Alternatively, the system restricted
to this subspace can be thought of as a spin-N/2 par-
ticle. It is an (N + 1)-dimensional subspace for which
the Dicke states
∣∣N
2 ,m
〉
(m ∈ {−N/2, . . . , N/2}) form a
basis. Spin-coherent states [18] in this subspace are sep-
arable states of the N qubits with each qubit in the same
pure state:
|ζ〉N =
 |↓〉+ ζ |↑〉√
1 + |ζ|2
⊗N , (1)
where ζ = |ζ|e−iφ is a complex number. In the Dicke-
state basis the spin-coherent state can be written as
|ζ〉N =
N/2∑
m=−N/2
Cm(ζ)
∣∣∣∣N2 ,m
〉
N
, (2)
where
Cm(ζ) =
(
N
N
2 +m
)1/2
ζ
N
2 +m(
1 + |ζ|2
)N/2 . (3)
By making the transformation ζ = e−iφ tan θ2 we can also
express (1) in terms of the usual polar and azimuthal
Bloch sphere angles θ and φ as follows:
|ζ〉N = |θ, φ〉N =
(
cos
θ
2
|↓〉+ e−iφ sin θ
2
|↑〉
)⊗N
. (4)
We note that the spin-coherent states are widely re-
garded as “classical” states of an N spin system [19, 20]
and that the preparation of any spin coherent state |ζ0〉N
from an initial spin coherent state (e.g., the ground state
|ζ = 0〉N = |↓〉⊗N ) is, in principle, straightforward: the
arbitrary spin-coherent state can be generated by an ap-
propriate interaction with an external classical field [18].
A. Interaction of N qubits with one qubit
We say that a system of N qubits interacts with a
single qubit via Hamiltonian
Hˆ = ωJˆz +
Ω
2
σˆz + λ
(
Jˆ+σˆ− + Jˆ−σˆ+
)
. (5)
This Hamiltonian was studied in [17, 21–24] and has been
referred to as a “spin star” system.
Given any initial state of this system we can find an
exact expression for the state at any later time t. This
expression is, however, cumbersome and difficult to in-
terpret in its exact form. Here, for convenience, we focus
on the resonance (Ω = ω) and initial states that are of
the form
|Ψ(0)〉 = |ζ0〉N ⊗
(
α
∣∣φ+0 〉+ β ∣∣φ−0 〉) , (6)
where the N -qubit system is in a spin-coherent state and
the single qubit is initially in an arbitrary pure state,
written here in terms of the orthonormal basis states∣∣φ±0 〉 = 1√2 (|↓〉 ± e−iφ0 |↑〉) that depend on the phase φ0
of the spin-coherent state parameter ζ0 = |ζ0|e−iφ0 . We
consider separately the evolution of the two orthonormal
states |Ψ±(0)〉 = |ζ0〉N
∣∣φ±0 〉 by our Hamiltonian since
the evolution of an arbitrary initial state (6) is just a
superposition of these two solutions.
On resonance it is convenient to first rotate Hamil-
tonian (5) to an interaction picture where the Hamil-
tonian is Hˆint = λ
(
Jˆ−σˆ+ + Jˆ+σˆ−
)
(the time indepen-
dence of this interaction Hamiltonian depends on the
resonance condition). The unitary time evolution op-
erator is thus Uˆ(t) = e−itλ(Jˆ−σˆ++Jˆ+σˆ−). Expanding the
exponential as a Taylor series, and using the identities
3σˆ+σˆ+ = σˆ−σˆ− = 0, σˆ+σˆ− = |↑〉 〈↑| and σˆ−σˆ+ = |↓〉 〈↓|, gives
Uˆ(t) = cos
(
λt
√
Jˆ−Jˆ+
)
|↑〉 〈↑|+ cos
(
λt
√
Jˆ+Jˆ−
)
|↓〉 〈↓|
−i sin
(
λt
√
Jˆ+Jˆ−
)(
Jˆ+Jˆ−
)−1/2
Jˆ+ |↓〉 〈↑|
−i sin
(
λt
√
Jˆ−Jˆ+
)(
Jˆ−Jˆ+
)−1/2
Jˆ− |↑〉 〈↓| . (7)
Depending on whether the initial state of the qubit is∣∣φ+0 〉 or ∣∣φ−0 〉 we write this unitary operator as Uˆ+(t)
or Uˆ−(t), i.e., Uˆ(t) = Uˆ+(t) + Uˆ−(t) with Uˆ±(t) ≡
U(t)
∣∣φ±0 〉 〈φ±0 ∣∣. From (7) we find that
Uˆ±(t) =
[
1√
2
cos
(
λt
√
Jˆ+Jˆ−
)
|↓〉 ∓ ie
−iφ0
√
2
sin
(
λt
√
Jˆ+Jˆ−
)(
Jˆ+Jˆ−
)−1/2
Jˆ+ |↓〉
±e
−iφ0
√
2
cos
(
λt
√
Jˆ−Jˆ+
)
|↑〉 − i√
2
sin
(
λt
√
Jˆ−Jˆ+
)(
Jˆ−Jˆ+
)−1/2
Jˆ− |↑〉
] 〈
φ±0
∣∣ . (8)
This is still an exact expression that does not give much
insight into the features of the system as it evolves in
time. However, we can use two approximations that allow
us to write the time-evolved state in a useful way.
First approximation. We say that the spin-coherent
state |ζ0〉N is approximately an eigenstate of the operator(
Jˆ−Jˆ+
)−1/2
Jˆ− with complex eigenvalue e−iφ0 and an
eigenstate of
(
Jˆ+Jˆ−
)−1/2
Jˆ+ with eigenvalue e
iφ0 .
This is a good approximation when (details given in
Appendix III):
1√
N
 |ζ0| 
√
N and 1 N. (9)
For large N this restriction is not at all severe since a very
broad range of values of ζ0 will satisfy condition (9).
We plot in Fig. 1 the quantities
∣∣∣〈ζ0| Eˆ |ζ0〉∣∣∣ and∣∣∣〈ζ0| Eˆ2 |ζ0〉∣∣∣ where Eˆ ≡ e−iφ0 − (Jˆ−Jˆ+)−1/2 Jˆ−. The
fact that both of these quantities are small when 1√
N

|ζ0| 
√
N justifies our approximation.
We note that a similar approximation can be made for
a field mode where
(
aˆaˆ†
)−1/2
aˆ |α〉 ≈ e−iφ |α〉 for |α〉 =∣∣|α|e−iφ〉 a coherent state with |α|  1 [25].
Using the identities Jˆ+Jˆ− = Jˆ2− Jˆ2z + Jˆz and Jˆ−Jˆ+ =
Jˆ2 − Jˆ2z − Jˆz then allows us to write (8) as
Uˆ±(t) = e∓iλt
√
Jˆ2−Jˆ2z−Jˆz⊗σˆz
∣∣φ±0 〉 〈φ±0 ∣∣ . (10)
FIG. 1. (Color online). Top:
∣∣∣〈ζ0| Eˆ |ζ0〉∣∣∣ plotted against
θ0 = 2 arctan |ζ| and N for φ0 = 0. Bottom:
∣∣∣〈ζ0| Eˆ2 |ζ0〉∣∣∣
plotted against θ0 and N for φ0 = 0. The black lines show
|ζ0|2 = 1/N for |ζ0| < 1 (or θ0 < pi/2) and |ζ0|2 = N for
|ζ0| > 1 (or θ0 > pi/2).
In other words, the effective Hamiltonian given the initial
qubit state
∣∣φ±0 〉 is
Hˆ± = ±λ
√
Jˆ2 − Jˆ2z − Jˆz ⊗ σˆz. (11)
Unlike Hamiltonian Hˆ this effective Hamiltonian is diag-
onal in the Dicke-state basis of the N qubits, in the sense
that
〈
N
2 ,m
∣∣ Hˆ± ∣∣N2 ,m′〉 ∝ δmm′ .
4The fact that we can find an effective Hamiltonian
given the initial qubit state |φ+〉 or |φ−〉 is reminis-
cent of the effective Hamiltonian that can be derived in
the strong field approximation of the resonant Jaynes-
Cummings model: when the atom is in the state |φ±〉,
a “semi-classical eigenstate,” the field mode evolves by
the effective Hamiltonian Hˆ±JC = ±λ
√
aˆaˆ† [5, 26]. In-
deed, in the parameter regime 1√
N
 |ζ0|  1 the
above model exhibits Jaynes-Cummings-like collapse and
revival, as discussed in [17]. Making the transforma-
tions λ → λ/√N and ζ → ζ/√N and taking N → ∞,
Hamiltonian (5) reduces exactly to the Jaynes-Cummings
model [27] and the initial spin-coherent state (2) becomes
a coherent state [17, 19].
Second approximation. Expanding the square root in
(11) in powers of the operator Mˆ =
Jˆ2z+Jˆz⊗σˆz
Jˆ2
we obtain
Hˆ± = ±λ
√
Jˆ2
∞∑
k=0
AkMˆ
k, (12)
where A0 = 1, A1 = −1/2 and Ak = −(2k − 3)!!/(2kk!)
for k ≥ 2 are coefficients whose absolute value is always
less than unity. [Here (2k− 3)!! is a double factorial, i.e.,
the product of all odd positive integers less than or equal
to 2k− 3.] The second approximation is to truncate this
expression to the first two terms:
Hˆ±trunc = ±λ
(√
Jˆ2 − Jˆ
2
z + Jˆz ⊗ σˆz
2
√
Jˆ2
)
. (13)
This approximation is valid when |ζ0| ≈ 1 (or θ0 ≈
pi/2) and λt  N (details given in Appendix III). In
Fig. 2 we plot |〈Ψ˜(t)|Ψ(t)〉|, the fidelity of the exact
state to the approximation against time for various initial
values of θ0 and N . The time axis is scaled by T =
2pi
λ
√
N
2
(
N
2 + 1
)
for reasons that should become clear in
the next section.
The truncated effective Hamiltonian (13) can be con-
veniently rewritten as
Hˆ±trunc = ±λ
√Jˆ2 + 1
8
√
Jˆ2
−
(
Jˆz +
σˆz
2
)2
2
√
Jˆ2
 . (14)
If the initial state is either |Ψ+(0)〉 or |Ψ−(0)〉 (rather
than some superposition of the two) then (since both
|Ψ+(0)〉 and |Ψ−(0)〉 are eigenstates of Jˆ2) the first two
terms of (14) just give a global phase factor that can be
ignored. If the initial state is a superposition of |Ψ+(0)〉
and |Ψ−(0)〉 then the first two terms cannot be ignored
since they give a relative phase factor. The last term
of (14) is proportional to
(
Jˆz +
σz
2
)2
. For an N -qubit
system the Hamiltonian Hˆoat = χoatJˆ
2
z is known as a
FIG. 2. (colour online). Top: Fidelity of approximation to
the exact state plotted against N and t/T with θ0 = pi/2 and
φ0 = 0. Bottom: Fidelity plotted against θ0 and t/T with
N = 40 and φ0 = 0. For θ0 ≈ pi/2 (or |ζ0| ≈ 1) and λt  N
(or t T ) the fidelity is high (red).
one-axis twisting Hamiltonian [28, 29] or, because it is
analogous to the Kerr Hamiltonian for a field mode – a
finite Kerr Hamiltonian [14]. Our term proportional to(
Jˆz +
σz
2
)2
in the effective Hamiltonian (14) is therefore
a one-axis twisting term for the (N + 1)-qubit system.
Previous examples of finite-dimensional systems whose
Hamiltonians include one-axis twisting terms are a col-
lection of two-level atoms interacting with a far de-
tuned field mode [13, 30]; Bose-Einstein condensates in a
double-well potential [31]; molecular nano-magnets [32];
a collection of NV centers coupled to the vibrational
mode of a diamond resonator [33]. Here we have shown
that the one-axis-twisting Hamiltonian can also be an ef-
fective Hamiltonian in the interaction of N qubits with
a single qubit. We note, however, that the coupling pa-
rameter λ is weakened by a factor of 1/(2
√
Jˆ) for the
one-axis-twisting term in Hˆ±trunc.
B. Multiple Cat States and Quantum Carpets
In this subsection (following the method of analysis
of [9, 10]) we investigate the evolution of the initial
state |Ψ±(0)〉 = ∣∣pi2 , φ0〉N ∣∣φ±0 〉 under the approximations
made in the previous section. We note that the ini-
tial spin coherent state has θ0 = pi/2 (or, equivalently,
|ζ0| = 1) so that all of our approximation conditions are
satisfied so long as λt N and 1 N .
The system evolves by the effective truncated Hamil-
tonian Hˆ±trunc so that the evolved state is
5∣∣∣Ψ˜±(t)〉 = N/2∑
m=−N2
Cm√
2
∣∣∣∣N2 ,m
〉(
F±m(t) |↓〉 ± e−iφ0G±m(t) |↑〉
)
,
(15)
where the tilde above Ψ indicates approximation and
where we define
F±m(t)=exp
∓itλ
√N
2
(
N
2
+ 1
)
− m(m− 1)
2
√
N
2
(
N
2
+ 1
)
 ,(16)
G±m(t)=exp
∓itλ
√N
2
(
N
2
+ 1
)
− m(m+ 1)
2
√
N
2
(
N
2
+ 1
)
 .(17)
So that we can eventually arrive at a more useful expres-
sion for
∣∣∣Ψ˜(t)〉 we now consider some properties of these
functions F±m(t) and G
±
m(t). First, when N is an even
number both F±m(t) and G
±
m(t) are periodic in time with
period T = 2piλ
√
N
2
(
N
2 + 1
)
. To see this note that when
N is even both N2
(
N
2 + 1
)
and m(m±1) are even integers
so that F±m(T ) and G
±
m(T ) are exponentials whose phases
are integer multiples of 2pi. Since F±m(t) and G
±
m(t) are
periodic in time we have
∣∣∣Ψ˜±(t+ T )〉 = ∣∣∣Ψ˜±(t)〉: the
system returns to its initial state after period T . Simi-
larly, when N is an odd number we have
∣∣∣Ψ˜±(t+ 2T )〉 =∣∣∣Ψ˜±(t)〉 and the state has a revival time of 2T .
Focussing on the case when N is even, we now consider
times t = pTq where p and q are coprime integers, i.e.,
rational fractions of the revival time. Then F±m (pT/q)
and G±m(pT/q) are both either periodic functions of the
discrete variable m with period q if q is odd, or anti-
periodic functions of m with (anti-) period q if q is even:
F±m = F
±
m+q ; G
±
m = G
±
m+q (q odd), (18)
F±m = −F±m+q ; G±m = −G±m+q (q even). (19)
Either way, this means that we can write F±m(pT/q) and
G±m(pT/q) in terms of their discrete Fourier transforms,
F±l =
1√
q
q−1∑
m=0
F±m e
iφlm ; G±l =
1√
q
q−1∑
m=0
G±m e
iφlm,
(20)
where we define
φl ≡
{
2pil/q if q is odd,
pi(2l + 1)/q if q is even.
(21)
The inverse transform is
F±m =
1√
q
q−1∑
l=0
F±l e−iφlm ; G±m =
1√
q
q−1∑
l=0
G±l e−iφlm.
(22)
The advantage of writing the functions in terms of their
discrete Fourier transforms is that the phases in the ex-
ponentials F±m and G
±
m are now linear in m rather than
quadratic in m. Substituting (16) and (17) into (20) and
using the fact that eiφlmF±m(pT/q) and e
iφlmG±m(pT/q)
are periodic in m, it is not difficult to show that
G±l = e−iφlF±l . (23)
Substituting (22) and (23) into our expression (15) allows
us to write the state |Ψ±(t)〉 appealingly as:∣∣∣Ψ˜±(pT/q)〉 = 1√
q
q−1∑
l=0
F±l eiφlN/2
∣∣∣pi
2
, φ0 + φl
〉
N
⊗ 1√
2
(
|↓〉 ± e−i(φ0+φl) |↑〉
)
.(24)
This is a superposition of q terms involving spin-coherent
states
∣∣pi
2 , φ0 + φl
〉
N
of the N -qubit system distributed
uniformly in the azimuthal Bloch sphere angle φ. Expres-
sion (24) indicates that the system undergoes fractional
revivals at times t = pT/q since it shows that the state
at that time is a superposition of displaced copies of the
initial wave packet. This is seen most clearly by rewriting
(24) as
∣∣∣Ψ˜±(pT/q)〉 = Uˆ±trunc(pT/q) |Ψ±(0)〉 where
Uˆ±trunc(pT/q) = e
−ipTHˆ±trunc/q
=
1√
q
q−1∑
l=0
e−iφl/2F±l e−i(Jˆz+
σˆz
2 )φl (25)
is a unitary operator that is a sum of unitary displace-
ments e−i(Jˆz+
σˆz
2 )φl .
The explicit value of F±l is
F±l = e∓
i2pip
q
N
2 (
N
2 +1) 1√
q
q−1∑
m=0
ei[φlm±
p
q pim(m−1)]. (26)
Sums of the kind in (26) are known as generalized Gauss
sums [34] and can be calculated for various values of p
and q. For simplicity we take p = 1. In this case [34]
F±l = e∓
i2pi
q
N
2 (
N
2 +1)e±i
pi
4 e∓
ipi
4
(2l∓1)2
q (q odd), (27)
F±l = e∓
i2pi
q
N
2 (
N
2 +1)e±i
pi
4 e∓
ipi
4
(2l∓1+1)2
q (q even).(28)
The initial state |Ψ+(0)〉 = ∣∣pi2 , φ0〉N ∣∣φ+0 〉 is a spin-
coherent state of the combined (N + 1)-qubit system:
∣∣Ψ+(0)〉 = [ 1√
2
(|↓〉+ e−iφ0 |↑〉)]⊗(N+1) . (29)
In this case (ignoring global phase factors) the evolved
state takes a particularly straightforward form:
∣∣∣Ψ˜+(T/q)〉(q odd)= 1√
q
q−1∑
l=0
eiφlN/2e−ipil(l−1)/q
∣∣∣pi
2
, φ0 + φl
〉
N+1
,(30)
∣∣∣Ψ˜+(T/q)〉(q even)= 1√
q
q−1∑
l=0
eiφlN/2e−ipil
2/q
∣∣∣pi
2
, φ0 + φl
〉
N+1
.(31)
6(a) (b)
(c) (d)
(e) (f)
FIG. 3. (Color online). Q functions [Eq. (32)] and their stere-
ographic projections at various times for the (exact) state∣∣Ψ+(t)〉 with N = 100. (a) The initial state ∣∣Ψ+(0)〉 =[
1√
2
(|↑〉+ |↓〉)
]⊗N+1
, a spin-coherent state. (b) The state∣∣Ψ+(T/50)〉. (c) The state ∣∣Ψ+(T/10)〉. (d) The state∣∣Ψ+(T/2)〉, a GHZ state. (e) The state ∣∣Ψ+(4T/5)〉. (f)
The state
∣∣Ψ+(T )〉 at the revival time.
This is a superposition of spin coherent states of the
N +1 qubit system uniformly spaced around the equator
of the Bloch sphere. This is in agreement with the re-
sults of the authors of [13] and [14] for the evolution of a
spin-coherent state by a finite Kerr Hamiltonian. Taking
q = 2, for example,
∣∣∣Ψ˜+(T/2)〉 is a Greenberger-Horne-
Zeilinger (GHZ) state of the N + 1 qubits. To visualize
such states we plot in Fig. 3 the Husimi Q function
Q(θ, φ) =
∣∣〈Ψ+(t)|θ, φ〉N+1∣∣2 , (32)
of the exact state |Ψ+(t)〉 at various times for N = 100
and for the initial state |Ψ+(0)〉 =
[
1√
2
(|↑〉+ |↓〉)
]⊗N+1
.
For very short times the initial spin-coherent state
evolves to a spin-squeezed state [28, 29], as shown in
Fig. 3(b). At later times we see multiple-Schro¨dinger-
cat states [Figs. 3(c),(d),(e)]. We note that Schro¨dinger-
cat states can also be generated in a different parameter
regime (1/
√
N  |ζ0|  1) for the initial state, as dis-
cussed in [17].
Since the operator Jz+
σ
2 commutes with our Hamilto-
nian (5), we know that it (and its powers) are conserved
quantities of the system. This means that if the Q func-
tion is initially a narrow distribution at the equator of
the sphere, the Q function is constrained to the equator
at all times, as seen in Fig. 3. This suggests a concise vi-
sualization of the system dynamics by plotting Q
(
pi
2 , φ
)
as a function of time and of φ (ignoring the variation in
the polar angle θ that plays a less interesting role). The
resulting pattern is shown in Fig. 4. Such patterns are
know as “quantum carpets” [35, 36]. At times t = pT/q
that are rational fractions of the period T we see bright
spots at the values of φ where there are spin coherent
states.
FIG. 4. (Color online). Plotted is Q
(
pi
2
, φ
)
, the Q-function
slice at θ = pi/2. Here N = 168. We see a “quantum carpet.”
C. Small N
Our approximations require that |ζ0| ≈ 1 (or θ0 ≈
pi/2), N  1 and λt N (or, t T ). As illustrated in
Fig. 2, the fidelity of the exact state to the approximate
state gets worse as N gets small or as t gets close to T .
Our Q-function plots show, however, that the qualitative
features of the approximation are valid well outside of
these parameter regimes.
In Fig. 4, for example, it is clear that the multiple-
Schro¨dinger-cat states persist well beyond t  T . In
Figs. 3(e) and 3(f) we plot the Q functions for N = 100
at t = 4T/5 and t = T , respectively. In Fig. 3(e) we
see something qualitatively like a superposition of spin-
coherent states, although the coherent states are dis-
torted [the likely cause for the decrease in fidelity against
the ideal superposition of spin-coherent states [Fig. 2)].
Similarly, although our approximation required that
we assume N  1, the Q functions in Fig. 5 show
7(a) (b)
(c) (d)
FIG. 5. (Color online). Q functions (and their stereographic
projections) at various times and for small values of N . Each
time the initial state is
∣∣Ψ+(0)〉 = [ 1√
2
(|↑〉+ |↓〉)
]⊗N+1
. (a)∣∣Ψ+(T/2)〉 for N = 8. (b) ∣∣Ψ+(T/3)〉 for N = 10. (c)∣∣Ψ+(T/4)〉 for N = 16; (d) ∣∣Ψ+(T/2)〉 for N = 16.
that our approximation captures the qualitative features
of the exact evolution of the system for moderately
small values of N . It is clear from these plots that,
although they are not superpositions of perfect spin-
coherent states, they are superpositions of distorted spin-
coherent states, still highly non-classical states. In Fig.
6 we plot the θ = pi/2 “slice” as a function of φ and of
t/T for N = 16. The “carpet” pattern, although not as
sharp as in Fig. 4, is clearly recognizable. The states at
t = T/4 and t = T/2 are plotted in Fig. 5(c) and 5(d),
respectively.
FIG. 6. (Color online). Plotted is Q
(
pi
2
, φ
)
for N = 16. Even
for this small value of N the “carpet” pattern is conspicuous.
III. CONCLUSION
In [17] is was shown that a system of N  1 qubits
interacting with a single qubit via Hamiltonian (5) leads
to collapse and revival analogous to that in the resonant
Jaynes-Cummings model when the initial state of the
N qubits is a spin-coherent state |ζ0〉N with 1/
√
N 
|ζ0|  1. Here we have shown that for an initial state in
a different parameter regime, |ζ0| ≈ 1, the whole (N+1)-
qubit system undergoes a different type of collapse and
revival that includes fractional revivals: at rational frac-
tions of the revival time the system is (approximately)
in a multiple-Schro¨dinger-cat state. The transition be-
tween the two different kinds of collapse and revival is
made by changing the spin-coherent state parameter |ζ0|,
or, equivalently, by changing θ0, the Bloch sphere polar
angle for the initial spin-coherent state.
The fractional revivals in the present case are similar
to those found for the evolution of an (N + 1)-qubit sys-
tem by a finite Kerr Hamiltonian, the analogue of a Kerr
Hamiltonian for an optical system [13, 14].
We emphasize that the initial spin-coherent state is, in
principle, easily prepared since it consists of all qubits in
the same pure state. By comparison, fractional revivals
in the Jaynes-Cummings model requires an initial state
with a sub-Poissonian photon number distribution [7, 8].
We also point out that the qualitative features of this
approximation are valid even for moderately small values
of N . An interesting application of this result might be
the observation of fractional revivals in systems of few-
qubits. Physical systems where this might be realized
are interactions between superconducting qubits [37–39]
for which the λ (σ+σ− + σ−σ+) coupling between qubits
is natural. Our interaction Hamiltonian (5) is composed
of N such equal interactions with the central qubit. Al-
ternatively, a superconducting phase qudit [40] (which
emulates our N + 1 dimensional j = N2 subspace) might
be coupled to a single superconducting qubit.
Another candidate system is any highly symmetric
molecule that consist of N spins equally coupled to a
central spin. The trimethyl phosphite molecule, for ex-
ample, has 9 1H spins, all equally coupled to a single
31P spin [41]. The tetramethylsilane molecule has 12 1H
spins equally coupled to a single 21S spin [42]. These val-
ues of N may be large enough to allow for the observation
of fractional revivals.
An example of a system where Hamiltonian (5) may
be realized for larger values of N is the interaction of a
superconducting flux qubit with a thin layer of NV cen-
ters [43]. Rabi oscillations for such an interaction have
been observed experimentally for N ∼ 107 [44]. Squeezed
states or Schro¨dinger-cat states of the NV centers gen-
erated in this system may have applications in magnetic
field sensing.
Future work will extend the model to N qubits inter-
acting with two qubits (an exactly solvable model), both
from the perspective of the evolution of the N qubits, and
from the perspective of the decoherence and disentangle-
8ment of the two qubit system as it interacts with the N
qubits. Future work will also include a study of various
forms of realistic decoherence to assess the possibility of
experimentally observing fractional revivals, especially in
systems of few qubits.
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APPENDIX A
Here we justify the approximations
(
Jˆ−Jˆ+
)−1/2
Jˆ− |ζ〉N ≈ e−iφ |ζ〉N , (33)(
Jˆ+Jˆ−
)−1/2
Jˆ+ |ζ〉N ≈ eiφ |ζ〉N , (34)
when
1√
N
 |ζ| 
√
N and 1 N. (35)
Writing the spin-coherent state in its Dicke basis gives
9|ζ〉N =
N/2∑
m=−N/2
Cm(ζ)
∣∣∣∣N2 ,m
〉
N
, (36)
where
Cm(ζ) =
(
N
N
2 +m
)1/2
ζ
N
2 +m(
1 + |ζ|2
)N/2 . (37)
The operators
(
Jˆ−Jˆ+
)−1/2
Jˆ− and
(
Jˆ+Jˆ−
)−1/2
Jˆ+
act on the Dicke state
∣∣N
2 ,m
〉
as follows:
(
Jˆ−Jˆ+
)−1/2
Jˆ−
∣∣∣∣N2 ,m
〉
=
∣∣∣∣N2 ,m− 1
〉
, (38)(
Jˆ+Jˆ−
)−1/2
Jˆ+
∣∣∣∣N2 ,m
〉
=
∣∣∣∣N2 ,m+ 1
〉
, (39)
so that we can write
(
Jˆ−Jˆ+
)−1/2
Jˆ− |ζ0〉N
=
N
2 −1∑
m=−N/2
 ζ
√
N
2 −m√
N
2 +m+ 1
Cm(ζ) ∣∣∣∣N2 ,m
〉
N
, (40)
(
Jˆ+Jˆ−
)−1/2
Jˆ+ |ζ0〉N
=
N
2∑
m=−N2 +1

√
N
2 +m
ζ
√
N
2 −m+ 1
Cm(ζ) ∣∣∣∣N2 ,m
〉
N
. (41)
We expand the expressions in the square brackets in
(40) around the average values of N2 ±m: ζ
√
N
2
−m√
N
2
+m+ 1

=
ζ
√
N
2
− m¯√
N
2
+ m¯
(1− m− m¯
N
2
− m¯
)1/2(
1 +
m− m¯+ 1
N
2
+ m¯
)−1/2
≈
ζ
√
N
2
− m¯√
N
2
+ m¯
(1− m− m¯
2
(
N
2
− m¯) + . . .
)(
1− m− m¯+ 1
2
(
N
2
+ m¯
) + . . .) .
The average value of m with probability distribution
|Cm(ζ)|2 is m¯ =
〈
Jˆz
〉
= −N2
(
1−|ζ|2
1+|ζ|2
)
so that
N
2
− m¯ = N
1 + |ζ|2 ;
N
2
+ m¯ =
N |ζ|2
1 + |ζ|2 (42)
and its standard deviation is ∆m = ∆Jˆz =
√
N |ζ|
1+|ζ|2 . Since
m− m¯ will be of the order of ∆m we have
 ζ
√
N
2
−m√
N
2
+m+ 1
 (43)
≈ ζ|ζ|
(
1 +
|ζ|
2
√
N
+ . . .
)(
1− 1
2
√
N |ζ| −
1
2N |ζ|2 −
1
2N
+ . . .
)
.
When
1√
N
 |ζ| 
√
N and 1 N, (44)
we have
 ζ
√
N
2 −m√
N
2 +m+ 1
 ≈ ζ|ζ| = e−iφ. (45)
Similarly, for the square bracket in (41) we have

√
N
2 +m
ζ
√
N
2 −m+ 1
 ≈ |ζ|
ζ
= eiφ. (46)
Now, we would like to show that the contributions due
to the terms CN/2 and C−N/2 that are missing in (40)
and (41), respectively, are negligible. First,
∣∣CN/2∣∣2 =
(
|ζ|2
1 + |ζ|2
)N
=
(
1
1 + 1|ζ|2
)N
. (47)
Since
|ζ|2  N =⇒ 1
1 + 1|ζ|2
 1
1 + 1N
(48)
we can say that
∣∣CN/2∣∣2  ( 1
1 + 1N
)N
(N1)≈ 1
e
. (49)
Similarly, using 1N  |ζ|2,
∣∣C−N/2∣∣2 =
(
1
1 + |ζ|2
)N

(
1
1 + 1N
)N
≈ 1
e
, (50)
so that both CN/2 and C−N/2 are negligible. Combining
(45) and (49) we have
(
Jˆ−Jˆ+
)−1/2
Jˆ− |ζ〉N ≈ e−iφ |ζ〉N . (51)
Combining (46) and (50) we have
(
Jˆ+Jˆ−
)−1/2
Jˆ+ |ζ〉N ≈ eiφ |ζ〉N , (52)
as required.
10
APPENDIX B
We truncate the Hamiltonian Hˆ± = ±λ
√
Jˆ2
∑∞
k=0AkMˆ
k to the first two terms so that Hˆ±trunc =
±λ
(√
Jˆ2 − Jˆ2z+Jˆz⊗σˆz
2
√
Jˆ2
)
. This is a good approximation if the fidelity
∣∣∣〈Ψ±(0)| eitHˆ±trunce−itHˆ± |Ψ±(0)〉∣∣∣ is close to
unity.
∣∣∣〈Ψ±(0)∣∣ eitHˆ±trunce−itHˆ± ∣∣Ψ±(0)〉∣∣∣ = ∣∣∣∣∣〈Ψ±(0)∣∣ exp
[
∓itλ
√
Jˆ2
∞∑
k=2
AkMˆ
k
] ∣∣Ψ±(0)〉∣∣∣∣∣ (53)
=
∣∣∣∣∣∣
N/2∑
m=−N/2
|Cm|2
〈
φ±0
∣∣ exp
∓itλ√N
2
(
N
2
+ 1
) ∞∑
k=2
Ak
(
m2 +mσˆz
N
2
(
N
2 + 1
))k
 ∣∣φ±0 〉
∣∣∣∣∣∣ (54)
The binomial distribution |Cm|2 has average the value m¯ =
〈
Jˆz
〉
= −N2
(
1−|ζ|2
1+|ζ|2
)
and standard deviation ∆m =
∆Jˆz =
√
N |ζ|
1+|ζ|2 . In (54) we write m = m¯+ (m− m¯) and replace all occurrences of m− m¯ with the standard deviation
∆m. This is reasonable because the coefficient |Cm(ζ)|2 with
1√
N
 |ζ| 
√
N and 1 N, (55)
is small unless m is in the range m¯ ±∆m. Only terms in this range will contribute significantly to the sum in (54).
Expanding the exponential and only keeping the k = 2 term to lowest order in time gives
∣∣∣〈Ψ±(0)∣∣ eitHˆ±trunce−itHˆ± ∣∣Ψ±(0)〉∣∣∣ ≈
∣∣∣∣∣∣1∓
N/2∑
m=−N/2
|Cm|2 iλtA2[
N
2
(
N
2 + 1
)]3/2 〈φ±0 ∣∣ [(m¯+ ∆m)2 + (m¯+ ∆m)σz]2 ∣∣φ±0 〉
∣∣∣∣∣∣
≈
∣∣∣∣∣∣1∓ iλtA2[N
2
(
N
2 + 1
)]3/2 〈φ±0 ∣∣
[
N2(1− |ζ|2)2
4(1 + |ζ|2)2 +
N |ζ|2
(1 + |ζ|2)2 −
N3/2|ζ|(1− |ζ|2)
(1 + |ζ|2)2 −
N(1− |ζ|2)σz
2(1 + |ζ|2) +
√
N |ζ|σz
1 + |ζ|2
]2 ∣∣φ±0 〉
∣∣∣∣∣∣(56)
All terms are negligible if
λt 2
N
(
1 + |ζ|2
1− |ζ|2
)4
and λt N(1 + |ζ|
2)4
8|ζ|4 . (57)
For |ζ| = 1 this simplifies to the condition that λt N .
